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Introduction

In this paper the solution of the first boundary value problem for a differential oscilla-
tion equation with a *““pure delay” is investigated. The oscillation equations for the equations
without delay were considered by many authors. For instance, various types of oscillation
equations were completely investigated in the paper [1]. The functional-differential equations,
in particular, with delayed argument, have not been developed so much [2,3]. In a number of
papers, the general problems on the existence and uniqueness of solutions were investigated,
for special cases of domains; the solutions were obtained in the explicit form. One of the wide-
ly used methods for obtaining solutions is the Fourier’s method (the method of separation of
variables) [2]. In the present paper a scalar equation with a “pure delay” is considered [4].
By using special functions, called delayed cosine and sine [5-7], the solution was obtained in
the form of series.

Key words: oscillation equation, delay, boundary value problem, Fourier’s method,
delayed cosine, delayed sine.

1. Equation without delay. Consider a linear homogeneous differential
equation of the form

82§(x,t)_ Zazg(x’t)
e =a e +c&(x,t) (1.2)

with the given initial and boundary conditions
$(x.0)=9(x), &(x0)=y(x),0<x<I,
§(0,1) =, (1), S(Lt) =, (1), 0<t<T.

(1.2)
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The agreement conditions ¢(0) = 4(0), @(l) = &, (1) are fulfilled, i.e. at the
points M,(0,0), M, (1,0) the initial conditions are continuously pass to the
boundary ones.

Obtaining of solutions. We preliminarily obtain the solution of the first
boundary value problem (1.1), (1.2) for arbitrary ¢(x), w(x), 0<x<I, g (t),

U, (1), 0<t <T.We look for the solution in the form of the sum

S(xt) =& (1) + & (X 1) + 1 (1) +TX[/U2 (t) - (O], (1.3)

- &,(x,1) is the solution of homogeneous equation (1.1) with zero bound-
ary conditions and initial conditions
&, (x,0) =D(x), &(x,0)=Y¥(x), 0<x<I, (1.4)

D(X) = p(x) - 1,(0) —,f[yz (0)-1(0)],

! X ! !
Y0 =y () - 50) - [1£,0) - 0],
- £ (x,t) is solution of the non-homogeneous equation

*E(x.t) _ 2 *E(x.1)
ot? ox?

+c&(x,t)+ F(xt), (1.5)
with the right side

F(x,t)= c{ul(t) —If[uz (t) —ul(t)]}—ulm +|5[zzz O-i®],  (1.6)

and zero boundary and initial conditions.
Homogeneous equation. We’ll look for the solution in the form of the
product &,(x,t) = X (X)T (t) . After substitution into the equation (1.1) we get
X()T"() =a® X "(X)T (t) +cX (X)T(t).
After separating the variables
T"t)—cT(®) _X"(x)__ 5
TR X0
the equation decomposes into two equations
T'"M)+(@°0° -c)T(t)=0, X"(X)+w°X(X)=0, 1.7)
where @ is some constant.

The solution of the second equation of (1.7), satisfying the zero condition, will
be

a)n:?, xn(x)=Ansin?x, n=12,.... (1.8)

For the choosen w,, the first of the equations (1.7) is of the form
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Tn"(t)+((lﬂaj —C]Tn =0, n=12,.... (1.9)

Let for definiteness, the parameters a and ¢ be such that

k2 :Ga}z —c>0.
Then the solutions of equations (1.9) will be
T,(t)=B,cosk t+C, sinkt, k, = (Iﬂajz -c,n=12,...,
and the solution of the initial homogeneous equation will be
£,(x1) = 3 [B, cosk,t +C, sin knt]sinlﬂx. (1.10)

n=1

In order to compute the constants B,, C,, n=12,... we expand the functions

d(x), W(x) ainseries

n?

d(X) =Z®nsin|@x, lP(x)=Z\Pnsin?x, n=12,...,

n=1 n=1
| |

o, =Igjq)(s)sin|@5d5’ v =|Ej\y(s)sin|@sds, n=12,.. (111
0 0

Having equated to appropriate values from (1.11), we get

B,=®,, Ck,=%¥,, n=12,.....
Thus, the solution of the boundary value problem of the homogeneous equation
is of the form

n?

» 2
fo(x,t):Z{CI)”cosknt+ki\1’nsinknt}sin?x, k, = (?a) -c, (112

n=1 n

D, =Igj{(p(8) - 4,(0) _Ii[luz (0) —,ul(O)]}Sin?SdS =

= Igj¢(s)sin ?sds —%[u1 (0) - (-1)" 1, (0)],

0, =2 [0~ (0~ 10) 1) sin s -

- %f V’(S)Sinlﬂsds —%[ﬂl (0)-(-1)" i, (0)]. (1.13)

Non-homogeneous equation. Let’s consider the first boundary value
problem for non-homogeneous equation (1.5)
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() _ 2 0°E(RY)

ot? ox?
with the function F(x,t) of the form (1.6)
F(xt) = c{ul(t) - Tl () - ul(t)]}— 0+ U0 - A0,

with zero boundary & (0,t)=0, & (l,t)=0, t>0 and initial & (x,0)=0,
&/(x,00=0, 0<x <1 conditions. We’ll look for the solution in the form of an
expansion in eigenfunctions of the previous problem, i.e. in the form

D=3, (t)sin?x. (1.14)

Having substituted the series (1.14) into equation (1.5) and equating the coeffi-
cients of the similar terms, we get the system of equations

/() {(?a} —c}n )= 1.0).

+c&(x,t)+ F(x,t),

fn(t)=|3|jF(s,t)sin?sds, n=12,.... (1.15)

Then the solutions of each of the linear non-homogeneous equations of second-
order (1.15) with zero initial conditions will be written in the form

Tno(t):kij'sinkn(t—s)fn(s)ds, K, = (Iﬂaj —-c. (1.16)

And the solution of the boundary value problem for the non-homogeneous
equation (1.5) with zero boundary condition £(0,t) =0, £(L,t)=0, t>0 and

zero initial conditions £(x,0) =0, &/(x,0)=0, 0<x <1 has the form
= 1. 7N
fl(x,t):z k—jsm k,(t—s)f (s)ds sme, (1.17)
n=1 no
where

fL(t) = —%[cm(t) O -1

—%(—1)”{[—C[ﬂz (t) — 2, (O] + [, (1) — 21y (D)1 (1.18)

General solution. By using the dependences (1.3), (1.12), (1.17), we
write the solution of the first boundary value problem for the equation (1.1) in
form of the sum

£ty =3| @, cosk,t +ki‘Pn sink t+T° (t)}sin?m

n=1 n
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+Zoj:{kij‘sin k,(t—s) fn(s)ds}sin?x+ 4 (t) +|£[/JZ (t)— ()] (1.19)

We decompose the last addends in series in eigenfunctions of the Sturm-
Liouville problem

w0+ 1,0~ s O] = Y D, sin T x, (1.20)

where
|

D, - {ul(t) #2 [ ) —m(t)]}sin?sds S (CATOEYING) Reie)

Finally the solution of the boundary problem for the equation (1.1) in the
form of the three sums that depend on the initial and boundary conditions

E(x )= Z{(Dn cosk, t +ki‘1’n sin knt}sinlﬂx+
n=1

n

0

+Z{kijsin K (t—s)f. (s)ds}sin?m

n=1

é{%[(—l)“m(t)—uz (t)]}sin?x, (1.22)

Where the values @, ¥, , k, were determined in (1.13).
2. Equation with a pure delay.
Consider a differential equation with one pure delay
0%5(xt) _ 2 8°6(xt—7)
=2 ’ +cé(x,t—1), 2.1
e e s(x,t-7) (2.1)
with the given initial and boundary conditions
Q) =m(), 0.t =7,(), t>—r,
Ex, ) =p(x,t), &'(x,t)=0'(x,1), 0<x<I, —7<t<0, (2.2)
and the “agreement conditions”
e0) =), o(1,t) =, (1), —7<t<0,

are fulfilled.
We look for the solution in the form of the sum

S ) =& )+ &(x1) + (1) + Il[ﬁz (t) —m(®],

where
- &,(x,1) is the solution of homogeneous equation
O*E(x,t)  _, 0%E(x,t—1)
—~=a ’ +c&(x,t—1), 2.3
e e t-1) (23)

with zero boundary and non-zero initial conditions
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& (30 = B(x,1), & (X, 1) = D} (x.1),
O 1) =p(x 1) - AO) - [LO - AO], ~T<1<0, 0t (24)

- &£, (x,1) is the solution of non-homogeneous

825()2(’1:) — aZ azé(xvz B T) + Cf(x,t _ T) + F(X,t) , (25)
ot X

F(x1) = C{E(t) + TR0 ﬁl(tn} NGRS PAGRACHE

with zero boundary and non-zero initial conditions.
Homogeneous equation. We’ll look for the solution &,(x,t) of equation

(2.2) in the form &,(x,t) = X (X)T (t). After substituting in the equation we get
XO)T") =a’X"()T({t—7) +cX (X)T(t—7).
Separating the variables, we write
T'")—cT(t-7) _ X"(¥)_
aT(t-7) X0

We separate the obtained expression into two equations

T"t)+(@*0° —c)T(t—7)=0, X"(X)+w*X(x)=0. (2.6)
The solutions of the second equation (2.6), that satisfy zero boundary condi-
tions have the form

Xn(x):Ansinlﬂx, n=12,....
Consider the first of the equations (2.6)
2
T't)+k’T(t-7)=0, k, = (?a) -c, n=12,.... (27)

For obtaining the initial conditions, expand the initial function ®d(x,t) and its
derivative in series by the solutions of the second equation

@@@:immmm?m qun:immnm@h

D ()= %ja(s,t)sin?sds —%[ﬁl(t) -(-)"m,@®)], n=12,...,

, 20, 7N 2 h—
<1>n(t):TJ'got(s,t)sml—sds—%[yl(t)—(—1) wM], n=12,.... (2.8)
0
We obtain the solution of the Cauchy problem for each of the equations of
(2.7) with conditions (2.8).

We beforehand cite some results from the theory of second order differ-
ential equations with a pure delay [5,6].
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In the paper [6] the following linear homogeneous differential equation
of second order and with a constant delay is considered

X)+o’x(t-7)=0, t>0, 7>0, x(t)=p(t), —7<t<0. (2.9)
The functions called delayed cosine and sine are introduced. The solution
of the Cauchy problem of differential equation (2.9) is obtained with these
functions.
Definition 2.1. The delayed cosine is the function of the form

0, —o<t<—r,
11 —Z'St<0,
tZ
2
cos_ {w,t}= l1-o o 0<t<r, (2.10)

1_a)zﬁ+...+(_l)ka)2kw, (k—l)Tﬁt <kt
2 (2K)

polynomials of degree 2k on the closed intervals (k —1)z <t <kr, attached at
the nodes t =kz, k=012,....
Definition 2.2. Delayed sine is called a function of the form

0, —o<t<—r,
C()(t+7,'), —TSt<0,
t3
sin_{o,t}= a)(t+1)—a)3§, 0<t<rz, (2.11)

3 2k+1
a)(t+r)—w3t—+-‘-+(—1)kw2k*lm, (k-Dr<t<kr
3 2k +1)!

polynomials of degree (2k +1) on the closed intervals (k-1)r <t <kr, at-
tached at the nodes t =kz, k=012,....

It was proved that the delayed cosine is the solution of second order dif-
ferential equation with pure delay (2.9), satisfying the unit initial condition
X(t)=1, —7 <t <0, and the delayed sine is the solution of the equation with

delay (2.9), satisfying the initial condition x(t)=w(t+7), -z <t<0.
By using these facts, the solution of the Cauchy problem is obtained in
the compact form. More exactly, the solution x(t) of homogeneous differential

equation with delay (2.9), satisfying the initial conditions x(t) = ¢(t),
X'(t)=¢'(t), —7 <t <0 where ¢(t) is an arbitrary twice continuous differenti-
able function, is of the form [6]

X(t) = p(=7) c0s {0, B+ L p(=)sin {o, -+
[4]

v X [sin font—o - Ap(E)de . (212)
a)fr
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For the non-homogeneous differential equation
X(t) + 0*x(t-7)=f(t),t>0, 7>0. (2.13)
The solution x,(t), satisfying the zero initial condition x(t)=0, —z<t<0,
has the form [6]

X, (t) :j.sinr{a), t—7—EH (E)dE. (2.14)

Combining the obtained results, we get that the solution x(t) of the non-

homogeneous differential equation with delay (2.13) satisfying the initial con-
ditions x(t) = e(t), X'(t)=¢'(t), —7 <t <0 where ¢(t) is an arbitrary twice
continuous differentiable function, is of the form

X(t) = p(=7) C0S {o, B+~ (=) sin {o, Gt +
[]

o1 j.sinf{a),t — - E(E)dé +jsin,{a),t — & (&)dE. (2.15)
w—r 0

Returning to the partial differential equation, we find that the solution &,(x,t)

of the homogeneous equation (2.3) that satisfies the zero and non-zero initial
conditions &(x,t) =d(x,t), —z<t<0, 0<x<I hasthe form

£,01) = i{cpn (—r)cos gk , G+ kicp'n (=r)sin 4k .+
+kiTsinr{kn,t—r—§}dbﬁ(§)d§}sin?x,

Kk = (Iﬂaj —¢, n=12,.... (2.16)

n

D' (t) = Igja;(s,t)sin Iﬂsds —%[ﬁl’(t) —(D)"@m@®], n=12,...,

2 | m 2
D, ()= TJ'gﬁ(s,t)sinTsds +%[(—1)“ﬁ2(t) -M®)], n=12,....
0
Non-homogeneous equation. Consider the non-homogeneous equation

CE0) 2 O8=D) L criiton i F(xD),  (247)
ot OX

F(x,t) =c{ﬁ1(t—r)+TX[ﬁ2(t—r)—ﬁl(t—r)]}—ﬁl(t)—lftﬁz(t)—ﬁl(t)],

with zero boundary and initial conditions. We looking for the solution in the
form
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=T, (t)sinlﬂx. (2.18)

Substituting (2.18) into equation (2.17) and equating the appropriate coeffi-
cients, we obtain the system of second order equations with delay

T;’(t){(lﬂa} —C}Tn (t—7)=f.(1), (2.19)
f (1) =|3lj F(s,t)sin?sds :Igj-{c{ﬁl(t—r)+|§[ﬁ2(t )=t —T)]}—

- )~ [0 - EO]sin ?sds} .

By using the relation (2.14), we write the solution of each of equations
of (2.19), satisfying the zero initial conditions, in the form

Tn(t):j‘sinr{kn,t—r—s}fn(s)ds, k, = (Iﬂaj -c, n=12,....(2.20)

And the solution of the non-homogeneous equation with zero boundary and
zero initial conditions accordingly, will have the form

£ (x1) = i{jsin,{kn,t oo s}fn(s)ds}sinlﬂx,

() = —%[cﬁl (t—7)- HOIY" -1

- %{C [, (t - 7) = (t = 7)] - [ (1) — (O]} (2.21)

General solution. The general solution of the first boundary value prob-
lem has the form of the sum

sty = i{d)n (-7)cos {k, t} + kidfn (~o)sin {k,, t} +
+ki j'sinf{kn,t —7 =&Y (£)dé + jsinr{kn,t —7- s}fn(s)ds}sin?x +

X
+ (1) + I—[ﬂz ) -m®]. (222
Expanding the last addend in series, we get

E(x,1) = i{cpn (~7) cos {k., t}+ kicp'n (~7)sin {k_,t}+
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+kiTsinf{kn,t—f—é}d)'n’(é)d&}sin,{kn,t—r—g}fn(g)d§+

+%[(—1)”ﬁ1(t)—ﬁz(t)]}sinlﬂx, - [?aj Ceone12...(223)

D, (t) = %ja(s,t)sin?sds —%[ﬁl(t) —(-)" &, ®)],

() = —%{cﬁl (t—7)- HOY" -1

- %{C [, (t - 7) = (t = )] - [ (1) — (O]}

Convergence condition. The represented dependence (2.23) has the
form of the Fourier series. Having imposed the condition of convergence of the
series, we formulate the following theorem on the solution of the boundary
value problem of the equation with delay.

Theorem 2.1. Let the function @ (x,t), z(t) and z,(t) be such that for

@, (t) and F (t), that were determined in (2.8), (2.21), the following condi-
tions are fulfilled:
limmax |F, (t)n**** =0, lim|®; (-7)jn**** =0,

n—o0 O<t<t*

lim|®; (-7)n***“ =0, a>0, —r<t<T-r, (k-)r<T <kz, (2.24)

Then the solution of the problem (2.1), (2.2) has the form (2.22) (or
(2.23)). Therefore, the double differentiation with respect to x and with respect
to t, is possible, and the obtained series converge absolutely and uniformly for
0<x<I,0<t<T.

Proof. Make the following transformation. Write (2.22) in the form of

sum
£V = 5,06+ 5,000+ S,(x,0) + 74,00 ) + Lm0 - A O],

where

sl(x,t)ziAn(t)sin?x,
sz(x,t)zisn(t)sinlﬂx,

53(x,t)=2cn(t)sin?x,
n=1
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A )=, (-r)cos {k,, t}+ \/ZCD ' (—7)sin {k,,t},

B, (t) = jsinr{kn,t—r—s}d)ﬁ(s)ds,
7zﬂ :

C.(t) = \/_J'sm {k,.t—r—s}H, (s)ds, k, = (?a) —c.

1. Consider the coefficients A (t). For an arbitrary T: (k-1)z <T <kr
there will be fulfilled

A (t)=d, (-r)cos, {kn,T}+ @ (-7)sin {k,,T}=

=(Dn(_T) 1- @a 2—C (T—T)2+
| 2
(D ((ﬂ j _CJ—[T‘(k‘l)T]2k}+
| (2K)!
L (—o) (T +T)-[(Iﬂaj —CJZT?;+...

1
2 E(2k+1) 3 B okl
ot (CDF (ﬂaj —C [T~ (k-1 :
I 2k +1)!
And if the coefficients @ (—z) and @' (—7) are such that the condition
Iim|q)n(_z_)|n2k+2+a =O, lim 2k+3+a :O,

H(=7)n
is fulfilled, the the series S,;(x,T) converges absolutely and uniformly.
2. Consider the coefficients B, (t) . Make the substitution T —z7—-s=¢.

According to mean value theorem, there exist the moments —7<s <0,
T-7<¢ <T, such that

B (r)_—jsm {k ,s}o" (T —7- s)ds<—rmax|CD"(s )| x

nT‘r
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k| [ 7N i 2
.+ (=D ((Taj —CJ 2K+ )]

And if the conditions

lim|®; (0)jn***** =0,
are fulfilled, then the series S, (x,t) converges absolutely and uniformly.

3. Consider the coefficients C, (t). For fixed moment of the time
(k=1)7z <T <kz make the substitution T —7—-¢&=s. As it follows from the
mean value theorem, there exists T —z <& <T , at which it holds the inequali-
ty

-1
| 5. m Y
C,(T) = IS|nT{kn,§}Fn(r —r—f)dﬁg{(TaJ —1] 7 max

—7<5<0
nT-r

F,(s)]x

o 2 212
XTTSg)S(T & —-7)- [I—aj -C ?+

Looks
R O

k| [ 7N ’ 2
..+(-D [(I—aj —CJ 2K+ 1)

And if the condition

lim max

n—oo T—-7<s<T

is fulfilled, then the series S,(x,t) converges absolutely and uniformly.
Thus, it is shown that for absolute and uniform convergence of the series
S,(x,t), S,(x,t), S;(x,t) it is necessary “quick” decreases with respect to the
index n of the Fourier’s coefficients @7 (t), —z<t<0, F (t), T-z<t<T.

The convergence of derivatives of the solutions follows from the features of
derivatives of the delayed sine and cosine represented by finite polynomials.

Fn (S)|n2k+3+a — O ’
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GECIKMOSi OLAN ROQS TONLiYi HAQQINDA
Q.Y.MEHDIYEVA, E.I.0ZiZBOYOV, D.Y.XUSAINOV
XULASO
Taqdim olunan isds gecikmoali kosinus va sinus adlanan xiisusi funksiyalarm kémayilo
“sirf gecikmasi” olan halda ragslerin diferensial tonliyi {iglin birinci sarhad masalasinin halli
stra soklindo qurulmusdur.
Acar sozlor: rags tonliyi, gecikma, serhod masslasi, Furye metodu, gecikmali kosinus,
gecikmali sinus.
OB YPABHEHUHY KOJIEBAHUMH C 3AIIA3/IBIBAHUEM
I''FO.MEXTHUEBA, 3.U. ABU3BEKOB, J1.51.XYCANHOB
PE3IOME
B pabore, wucnonp3ys chnenuanbHble (YHKIUM, Ha3blBaeMble 3ara3/bIBalOIINMU
KOCHHYCOM ¥  CHHYCOM, IIOCTPOGHO pelIeHHEe TIIepBOM  KpaeBOM  3amadd  JIs
i hepeHInaTB HOr0 ypaBHEHHs KOJIeOaHU i «C YUCTHIM 3ama3AblBaHueM» B BHIIE psia.
KnroueBsbie ciioBa: ypaBHeHHE KojleOaHusl, 3ama3IpIBaHue, Kpaesas 3a1a4a, Meron dypee,

3amna3/bIBAOIINNA KOCUHYC, 3aIa3/IbIBAIOIINIA CUHYC.
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